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1. Introduction 

Many useful methods to study nonlinear partial differential equations (pdes) such 
as inverse scattering transformations, Backlund transformations, recursion operators, 
nonlocal symmetries and nonlocal conservation laws, can be successfully described in the 
framework of the theory of coverings, [22], [231 EU EE] • Consequently, a problem to find a 
covering for a given pde is of a significant importance. A number of techniques have been 

devised to handle this problem, 03 1121 IIIH OS EDI Ell SDl OS E71 ESI SSI S31 ESI IISl 02! ■ 
In [28], examples of coverings of pdes with three independent variables were found by 
means of Elie Cartan's method of equivalence, [HI El El [151 EH E9]. This approach was 
developed in [3H [35], [36] , where it was shown that for a number of pdes their coverings 
can be inferred from invariant linear combinations of Maurer-Cartan (mc) forms of 
the contact symmetry pseudo-groups of the pdes. The aim of the present paper is to 
make the method of [3l"l 135| [36] more systematic. We apply the technique of integrable 
extensions of exterior differential systems, [H §6], to MC forms of the symmetry pseudo- 
group of the r-th modified dispersionless Kadomtsev-Petviashvili equation, pQ ; and 
derive the known coverings, [TH ETJ [Til EE], and three new coverings. 

2. Preliminaries 

2.1. Coverings of PDEs 

Let 7TQO : J°°(7r) — > M. n be the infinite jet bundle of local sections of the bundle 
7i : R n x R — > R. The coordinates on J°°(tt) are (x l ,ui), where / = (ii,...,ik) are 
symmetric multi-indices, i±, ...,ik G {1, ■ ■■,n}, u% = u, and for any local section / of tt 
there exists a section joo(f) '■ ^ n — > J°°(tc) such that M/(joo(/)) = d* 1 (f)/dx n ...dx %k , 
j^l = #(zi, ...,ik) = k. The total derivatives on J°°(7r) are defined in the local coordintes 
as 



We have [D^Dj] = for i,j 6 {l,...,n}. A differential equation F(x\uk) = defines 
a submanifold £°° = {D^F) = | #J > 0} C J°°(7r), where D 1 = D h o ... o D ik for 
/ = (ii, ...,ik)- We denote restrictions of Di on £°° as Z)j. 

In local coordinates, a covering over £°° is a bundle £°° = £°° xV-> £°° with fibre 
coordinates v a , a G {1, N} or a G N, equipped with extended total derivatives 




d 



dv a 



a 



such that [Di,Dj] = whenever (x\ui) G £°°. 

In terms of differential forms, the covering is defined by the forms, [45], 

uj a = dv a - T % a (x j , u h v 13 ) dx i 
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such that 

du a = mod 0)0,$! e £°°, (1) 

where are restrictions of contact forms $i = dui — ui^dx k on £°°. 

2.2. Cartan's structure theory of Lie pseudo-groups 

Let M be a manifold of dimension n. A local diffeomorphism on M is a diffeomorphism 
$ : IX —> IX of two open subsets of M. A pseudo-group (3 on M is a collection of 
local diffeomorphisms of M, which is closed under composition when defined, contains 
an identity and is closed under inverse. A Lie pseudo-group is a pseudo-group whose 
diffeomorphisms are local analytic solutions of an involutive system of partial differential 
equations. 

Elie Cartan's approach to Lie pseudo-groups is based on a possibility to characterize 
transformations from a pseudo-group in terms of a set of invariant differential 1-forms 
called Maurer-Cartan forms. In a general case MC forms u l , uj m of a Lie pseudo- 
group (55 on M are defined on a direct product M x G, where /j:MxG^Misa 
bundle, m = dim M, G is a finite-dimensional Lie group. The forms u l are semi-basic 
w.r.t. the natural projection M x G — ► M and define a coframe on M, that is, a basis 
of the cotangent bundle of M. They characterize the pseudo-group (9 in the following 
sense: a local diffeomorphism $ : U — > IX on M belongs to (S whenever there exists a 
local diffeomorphism $:V->VonMxG such that /x o = $ o ^ and the forms cl^ 
are invariant w.r.t. that is, 

V* (u%) = u'lv. (2) 

Expressions of exterior differentials of the forms u l in terms of themselves give Cartan's 
structure equations of (25: 

dw^^^A^+B^A^, B) k = -B\ 3 . (3) 

Here and below we assume summation on repeated indices. The forms f a , a G 
{1, ...,dim G}, are linear combinations of MC forms of the Lie group G and the forms 
uj 1 . The coefficients A l a j and B l - k are either constants or functions of a set of invariants 
U K : M -> R, k e {1, ...,/}, Z < dim M, of the pseudo-group 0, so $* = f/ K |u 

for every $ G (9. In the latter case, differentials of U K are invariant 1-forms, so they are 
linear combinations of the forms uj\ 

dU K = C*u j , (4) 

where the coefficients Cj depend on the invariants U l , U l only. 
Eqs. (J3J) must be compatible in the following sense: we have 

d{du i ) = = d (A^ n a A u j + B) k ^ A u k ) , (5) 

therefore there must exist expressions 

dn a = W% X X A oo j + X a M tt 13 A ^ + vr^ A c^' + ZjJ, cu J A u k , (6) 
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with some additional 1-forms x X an d the coefficients to Z^ k depending on the 
invariants U K such that the right-hand side of (jSJ) appear to be identically equal to zero 
after substituting for (j3j), (jlj), and (j6j). Also, from (jlj) it follows that the right-hand side 
of the equation 

d(dU*) = = d{C?u i ) (7) 

must be identically equal to zero after substituting for (jHJ) and (jlj). 

The forms 7r a are not invariant w.r.t. the pseudo-group £5. Respectively, the 
structure equations (jBj) are not changing when replacing ir a i— > 7r a + 2" cj- 7 for certain 
parametric coefficients 0°. The dimension of the linear space of these coefficients 
satisfies the following inequality 

n-l 

r (1) < n dim G - J^(n - fc) <r fc , (8) 
fe=i 

where the reduced characters are defined by 

<jfc = max rank Ajt(«i, 
«i,...,« fe 

with the matrices A^ inductively defined by 

Ai(ui) = > Ai(u h ...,ui) = 

see [5j §5], [39j Def. 11.4] for the full discussion. The system of forms u k is involutive if 
(jEj) is an equality, §6], j39j Def. 11.7]. 

Cartan's fundamental theorems, §§16, 22-24], [8], [H §§16, 19, 20, 25,26], [HI 
§§14.1-14.3], state that for a Lie pseudo-group there exists a set of MC forms whose 
structure equations satisfy the compatibility and involutivity conditions; conversely, if 
Eqs. (j3j), (jlj) meet the compatibility conditions (JSj), (JTj) and the involutivity condition, 
then there exists a collection of 1-forms u 1 , ... , u m and functions U 1 , ... , U which 
satisfy (j3j) and (jlj). Eqs. (j2j) then define local diffeomorphisms from a Lie pseudo-group. 

Example 1. Consider the bundle J 2 (ti) of jets of the second order of the bundle it. A 
differential 1-form 1? on J 2 (vr) is called a contact form if it is annihilated by all 2-jets 
of local sections: J2(/)*1? = 0. In the local coordinates every contact 1-form is a linear 
combination of the forms d = du — Ui dx\ $j = ditj — Uy cix- 7 , i, j G {1, u^j = w^-. 

A local diffeomorphism A : J 2 (n) — > J 2 (vr), A : (x l ,u,Ui,Uij) 1— > (x\u,Ui,Uij), is called 
a contact transformation if for every contact 1-form the form A*?9 is also contact. We 
denote by Cont(J 2 (7r)) the pseudo-group of contact transformations on J 2 (vr). Consider 
the following 1-forms 

O = a 0, 6i = ft 9 + a Sf S l = c l 6 + f lk & k + b\ dx\ 

Qij = a B\ B\ (du ki - u Hm dx m ) + s - 6 + 6 fc , (9) 

defined on J 2 (vr) x CK, where J{ is an open subset of ]^( 2n + 1 )(™+ 3 )( n + 1 )/ 3 with local 
coordinates (a, c\ f lk , g iy s^, Uijk), i,j,k,& {l,...,n}, such that a 7^ 0, 
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det(fc|) ^ 0, f ik = f k \ s - = s jU = iwj, = w ifci = u iifc , while (5*) is the 
inverse matrix for the matrix {b l k ). As it is shown in [33], the forms (Q are MC forms for 
Cont( J 2 (7r)), that is, a local diffeomorphism A : J 2 (tt) x J{-> J 2 {^) x ^ satisfies the 
conditions A* 6 = 6 , A* 0, = 0;, A* E l = E\ and A* 0^ = 0y if and only if it is 
projectable on J 2 (vr), and its projection A : J 2 (tt) — > J 2 (tt) is a contact transformation. 
The structure equations for Cont(J 2 (7r)) have the form 

de, =$°Ae + $.f A6 fc , 

dH* = $° A S* - $| A E k + ¥° A O + ^ ifc A fe , 

de y = $j fc A e fcj + $J a e fci - $° a e y + t°. a e + t£ a e fe + ~ k a e <iA , 

where the additional forms $q, \l/ j0 , ^L 1 - 7 , T°-, TjL and 0^ depend on differentials 

of the coordinates of %. 

Example 2. Suppose £ is a second-order differential equation in one dependent and n 
independent variables. We consider £ as a submanifold in J 2 (vr). Let Cont(£) be the 
group of contact symmetries for £. It consists of all the contact transformations on </ 2 (7r) 
mapping £ to itself. Let l : £ — > J 2 (n) be an embedding, and t = t x id : £ x J{ ^ 
J 2 (7r) x %. The MC forms of Cont(£) can be computed from the forms 8q = 6*©o, 
6i = C = and 9y = by means of Cartan's method of equivalence, 

El U (US [2QJ E9] , see details and examples in [EH E21 S3] ■ 



3. Cartan's structure of the contact symmetry pseudo-group for r-mdKP 

The r-th mdKP 

(3 — r) (1 — r) 2 r (3 — r) 3 — r (3 — r) (1 — r) 

r G Z\{2}, was derived in [1]. For a convenience of computations we use the following 
change of variables: 

t = (3 — r) t, x = x, y—(2 — r)y, u——(l — r)u, 

where r ^ {1, 2, 3}. Then we have 

- _~ / 1 - 2 _\_ r . . 

\2 (1 — r) J 1 — r 

We drop tildes and denote k = j^; this yields 



Uyy 



(10) 



The exceptional cases r = 2 and r = 3 correspond to k = —2 and k = — |, respectively. 
We will not consider the case of r = 1. The case of k = — 1 is exceptional, too, since 
r — > 00 when k — * —1. In the cases of k = 0, k = 1, and k = —1 Eq. (TlTJT) gets the 
forms of the mdKP equation, [281 12S1 [27] , the dBKP equation, (121 [21] , and the equation 
describing Lorentzian hyper-CR Einstein- Weil structures, [TT1 [Li] . 
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We use the method outlined in the previous section to compute MC forms and 
structure equations of the pseudo-group of contact symmetries for Eq. fflOl) . In the next 
section, the analysis of integrable extensions will depend crucially on invariants of the 
pseudo-group. So in the computations we shall not suppress the invariants, as it was 
done in [36] • We write out here the structure equations for the forms 9 , 9j, £ J with 
j G {1, 2, 3} only; the full sets of the structure equations are given in Appendix. 

When k / -1, we have 

d9 = 771 A 9 + e 1 A 6 1 + £ 2 A 6 2 + £ 3 A 9 3 , 

d9i = i (24r ]l -24 9 22 - 12 V^ 1 -12^-(12U-K + 4)^)A9 1 +^A9 11 +^A9 12 
+ (|(2 re 2 + 15 re + 4) 9 2 + re 9 23 + (re U + 1 - | re (k - 10)) £ 2 
+ ±(7K + A)Ve) A9 + ((K + l)9 2 + ( K + 2)e) A9 3 + eA9 13 , 

d9 2 = § ( Vl - 9 22 - \ v e - e - (u - 1 k - \) e) a e 2 + e a e 12 9 22 9 23 , 

d9 3 = ( Vl - 9 22 - \ V e - e - (U - \ re) e) A 9 3 + ± (re + 2) e A 9 2 + e A 9 13 

+ I (re - 4) (0 22 + e 2 + I (8 £/ - re - 4) £ 3 ) A 9 + e A 23 + e A 12 , 
# X = ~\ (?7i-3022 + 3£ 2 -(3[/-!(k-4)) £ 3 )a£\ 

d£ 2 = | (^ + 023 + 5^e 1 + (^+s«+|) £ 3 ) A^ 2 + (i(/c-4)0 o -0 3 ) A e 1 - 2 A£ 3 , 
^ 3 = (022 + I V + £ 2 ) A e - (« + 2) (0 2 + £ 2 ) A £\ 
where the invariants 

/ (ii) 

y _ Uxxx (2 w to + ((re + 3) m 2 + 2 it^) u xxx + 2 (re + 2) (u x (u xxy + u 2 xx ) + w^)) 
satisfy 

dU = 9 2 -U9 22 - 7] 2 - ±V (Q4U + 7k 2 + 38k-8) ? - ^ (8C/-K-6) £ 2 

- ( 2 [/ 2 -(2re + l)C/-fy-re-l) £ 3 , 
dV = - J(re-4)0 O + J ( 8 ( K + 2)[/ + 3(re 2 + 6re + 8)) 2 + 20 3 - f V0 22 

+ 2(re + 2) 023 -2r/ 3 + ±^ + (2 (re + 2) (217 + 1)- V) £ 2 



^ K (80 U + 7 re 2 + 4 re - 64) f 
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and where 
u 2 

Q "'XXX a 

y — —3— V , 

U xx 

U 3 



9i = (re (^ u ra + Uxy ) tf + i?i + (| (k + 3) u 2 + u„) tf 2 + (k + 2) ^ 3 ) 



9-?. = —^—#2, 



i 2 

.2 

77 



^3 = -f* ((k-4)u xx # + u x & 2 + & 3 ), 

U xx 

022 = — ^22, (13) 
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((§(« + U L ~~ dt + dx - u x dy) , 



u a 



£ = -u xx u x (K + 2)dt + u xx dy, 

Vi = 2 — — - 3 (6*22 - £ 2 ) - ^— g- (3 V - 4 (« + 3) (u x u xx + u xy ) u xxx ) f 1 

- (3 U + ±( K -4)) e 3 , 
with 

f?o = du — ut dt — u x dx — u y dy, 
i?i = d-Ui — -u tt rft — M te — u tJ/ dy, 
$2 — du x — Utx dt — u x x dx — u x y dy, 

7? 3 = duy - Utydt - Ux y dx - (u tx + (§(« + + u y) u xx + Ku x u X y) dy, 
$22 = du xx - utxx dt - Uxxx dx - u xxy dy. 

We need not explicit expressions for the other MC forms in the sequel. 

For k = —1, we get 
d9 = m A 9 + A 9 1 + £ 2 A 9 2 + f 3 A # 3 , 

d0i = |r7 1 A^ 1 + 2r ?2 A^ + %A^o-| (12 #22 + 16 U ? + 12 £ 2 + 7 f) A 9 ± + ? A # n 

+ £ 2 A# 12 + £ 3 A# 13 , 
d# 2 = I (4 (77! - #22 - e) - 3 e 3 ) A 9 2 + A # 12 + A #22 + £ 3 A #23, 
d9 3 = { Vl - 9 22 - U e - e - § e) A #3 + V2 A 9 2 - § (#22 + £ 2 ) A #0 + f 1 A #13 

+ £ 2 A #23 + £ 3 A #12, 

de = 1 (12 #22 - 4 + 12 e + 7 e 3 ) A £\ 

d£ 2 = -| (5#o + 8# 3 ) A^ + | (4(7/ 1 + # 22 ) + 3e 3 ) Ae 2 -(r/2 + # 2 ) A^ 3 , 

^ 3 = - (2772 + # 2 ) a e + (#22 + 1/^ 1 + a a e 3 , 

where the invariant 



j j U xxx \ U x U XX y "-x-xa; ^xy ™xx ) < ^xxy \™xxy < "'xx/ /-i ,( \ 

tZ~ 64 ( j 



Wteo; UyU xxx U X y U xx ) ~\- U X xy (u X xy U xx ) 33 



xx 



satisfies 

^ = -|#o + |# 2 -|(4f/-7)e 2 -|f/(#22 + a + ^3 + ^-|r72 + if/77 1 , (15) 
and where 



u 2 

n _ "'xxx q 
#0 — 3 vo, 



U U 

9i = _jp ^ + ^EE_ ( 6 4 ( Uy u 2 xxx + u 2 xxy ) + u 2 xx (9 u 2 xx - 48 u xxy )) t? 2 

{u X xx {Utxx ~\~ Uy U X xx U x U XX y 4~ 2 U xx U X y) U XX y {u XX y 4" 2 W^) 4~ M ra ) i3q 



xx 

u 2 

"'xxx 
U x X 
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U lxx 
,2 



(8 u xxy + 4u x u xxx - 3 u 2 xx ) i? 3 , 



02 = —5- #2, 



®3, = TT^r- (8 ^xxx ^3-5 Mix Uxxx A ~ (8 Mxxy ~ 3 W^)^) 



''Uxx 



e 2 2 = —$22, (16) 

U xx 

f =^fkdt, 

u xxx 

£ (u XX y (u XX y j "I - U xxx {u x U XX y tt^rra;)^ (it 

it' it' XXX 

- £ «L (8 «» ««, - 3 «L) + — ^ + (8 ^~ 3mL) dy, 

^^xx ^ ^-^xx 

11 

£ = — (8 + 4 U x Uaaa - 3 u^) dt + dy, 

771 =2-^-3(022 + e 2 ) + ^r (( 4f/ + 3 ) M L +8(u xy u xxx -u xx u xxy )) ^-|e 3 - 
4. Integrable extensions 

In [H §6], the definition of integrable extension of an exterior differential system is 
designed to study finite-dimensional coverings. In general case, coverings of pdes with 
three or more independent variables are infinite-dimensional, [29|. To cope with infinite- 
dimensional coverings we use a natural generalization of the definition. 

Suppose (2> is a Lie pseudo-group on a manifold M and u 1 , ... , oj m are its MC forms 
with structure equations (J3D , (SD - Consider a system of equations 

dr q = r] p A r r + E q rs r r A r s + r r Arc 13 + G q rj r r A J + H q pj ^ A 

+ I] k ^Au k , (17) 
dV e = J*u j + K e q T q , (18) 

with unknown 1-forms r q , q £ {!,... ,Q}, i] p , p £ {1,...,R}, and unknown functions 
V\ e £ for some Q,R,S £ N. The coefficients L>« r , #| in dTTJ) , (JTHJ are 

supposed to be functions of U q and V 1 . 

Definition 1. System f|T7|) . (jl8p is an integrable extension of system ([3]), (jlj), if Eqs. 
(fTTj) . (JUJ), (j3]), and (j3J) together satisfy the compatibility and involutivity conditions. 

In this case from Cartan's third fundamental theorem for Lie pseudo-groups it 
follows that there exists a set of forms r q and functions V e which are solutions to Eqs. 
(j!7p and fjlSp . Then r q , V e together with u>\ U q define a Lie pseudo-group on a manifold 
N = M x R Q . 

Definition 2. The integrable extension is called trivial, if there is a change of variables 
on N such that in the new variables the coefficients F^, G q r ^ ifL, /J fc , and J| are equal 
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to zero, while the coefficients D q r , E$ s , and K e are independent of U q . Otherwise, the 
integrable extension is called non-trivial. 

Let Of and £ 3 be a set of MC forms of the symmetry pseudo-group Cont(£) of a 
pde £ such that A ... A £ n 7^ on any solution manifold of £, while are contact 
forms. We take the following reformulation of the definition (CQ) of a covering. 

Definition 3. A non-trivial integrable extension of the form 

du q = U q r A u r + ^ AftJ (19) 

is referred to as a contact integrable extension (cie) of the structure equations of Cont(£) 
if 

(1) IT* are some non-trivial differential 1-forms, 

(2) Vt q - = mod 9f,Uj for some additional 1-forms uo q -. 

Since (1T9|) is integrable extension, Cartan's theorem yields existence of the forms 
uj q satisfying (|T9l . From [3] Ch. IV, Prop. 5.10] it follows that the forms u q define a 
system of pdes. This system is a covering for £. 

We apply this construction to the structure equations (j4ip and (j42p of the symmetry 
pseudo-group of the r-th mdKP equation. We restrict our analysis to ClEs of the form 

/ 3 7 3 \ 

du = lj2 A i 9 i + J2* Bi i 9i i + 12 Csr is + J2 D ^ j+Eoji ) Auj ° 

\i=0 8=1 3=1 J 

+ Yl ( E F * 9k + g j ^ ) A ( 2 °) 

j=l \fc=o / 

where * means summation for all i,j6N such that 1 < i < j < 3, (i, j) 7^ (3, 3), and 
consider two cases: 

1) the coefficients A{ to G 3 in ( l20i) depend on the invariants of the symmetry 
pseudo-group of Eq. (|T0|) only, i.e., on the [/ and V when k ^ -1 and on U when 
k = — 1; 

2) the coefficients to Gj depend also on one additional invariant, say W. In this 
case, the differential of this new invariant satisfies the following equation 

3 7 3 1 

dw = j2 H ^i + +^,JsVs +J2 K i£ j + J2 LqUjq > ( 21 ) 

i=0 s=l j=l q=0 

where the coefficients Hi to L q are functions of U, V, W when k 7^ —1 or of U and W 
when k = — 1. 

The requirements of Defintions 1 and 3 yield over-determined systems for the 
coefficients A\ to Gj in the first case and A\ to L q in the second case. The results 
of analysis of these systems are summarized in the following theorems. 

Theorem 1. Let k 7^ — 1 and suppose that the coefficients to Gj in l[20)) depend on 
the invariants U, V defined by ( [77]) and ( flgj) . Then cie (20}) of (f^T] ) contact-equivalent 
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to the following equation: 

du = (wi + I (771 + 9 22 ) + \ Vi l + i (8 C/ + re + 12) e 3 ) A cu + out A £ 2 + 9 2 A £ 3 

- (J (« _ 4) fl„ - C 3 ) A* 1 . (22) 

Theorem 2. For re (jL {—3, —1} suppose that the coefficients Ai to Gj in ( EZ| ) and f/j to 
L g m (E2J) depend on the invariants U, V , and W , where U and V are defined by (TO]). 
H~2]). Then CIE (f^j. I[2~I\) of is contact- equivalent to the following equations: 

dco = (u x + i fa + # 22 ) + i (V - 2 - 2)) ? + i (8 (U - W) + re + 12) £ 3 ) A co 

+ (W 2 Ui — ^ (k — 4) 9 + W 9 2 + 9 3 ) A ^ + W! A ^ 2 + (W LO\ + 2 ) A £ 3 , (23) 
= (8(7/! -# 22 - rec^i - (k + 1)w 2 ) -4 (V-2W(W-2(k + 1))) ^ 

- (8(f/-W0 + 5(3re + 4))£ 3 ). (24) 

In the case of k — —3, every CIE $20}) . (21\) of ffJ\) is contact- equivalent either to (23) . 
p^P or to the following equations: 

du = (u 1 + l fa + #22) + I V e + § + ^ (8 ([/ + 2 W) + 9) £ 3 ) A oo 

+ (i W + l) ^0 + ^3) A^ + ^iA^ + ^A^ 3 , (25) 
dW = W (cJi-#22-^iy^ 1 -(f/-W / -l)^ 3 ). (26) 

Theorem 3. In the case of re — — 1 there are no cies of DM with the coefficients 
Ai to Gj depending on the invariant U from [Lfy only. Every CIE f2W . f21\) of (4^ 



whose coefficients Ai to L q depend on U and W is contact-equivalent to the following 
equations: 

du = (uu l + \(r ll + 9 22 -W{W -2)£ 1 )-\{AW -l)f) f\uo 

+ (W 2 tui + ^ 9 + W 9 2 + 9%} A^+wi A( 2 + (W lui + 9 2 ) A £ 3 , (27) 
dW = r l2 + UW£} + \W (r ]l - 9 22 -(W + l)£ 2 + (2U-W)£ 3 ). (28) 

Since forms ( {TBI in ( 1221) - ( 1261) and forms (ITrJI) in ( 1271) . ( |28l) are known, it is easy to 
find the forms ujq explicitly: 

Theorem 4. We have the following solutions to Eqs. [22]) . l2B$ , (TJ3P, and fiOFfy 

up to a contact equivalence: 

1) Eq. HD yields 

ujq = Uxxx (dv — (§(« + 1) u 2 j. — Uy) v x dt — v x dx + u x v x dy) . (29) 

^11 V x 

2) Integrating Eqs. (23\) . (2~4\ ) yields the following results: 



when re (jL {—2, — |, —1}, we have 
uj = (dv - ((2k + 3)- 1 v 2 x ^ - Xu x v K x +1 + (| (re + 1) u\ - uy)) v x dt 

U'xx Vx 

- v x dx- ((re + 2)' 1 < +1 - u x ) v x dy) , (30) 



when k = —2, we have 
u 



Uo = xxx (d v + ( Vx 1 + Ux + (~ u 2 x + Uy) Ua;) (it - (In |uj,| - ita, v x ) dy - v x dx) , (31) 



11 r ,r 
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and when k = — § ; we have 



2 

Uxxx 



[dv + ({\u 2 x + u y ) v x + u x \f\vx~\ - In \v x \) dt + (u x v x - 2 a/KM <^ 

^^xx *x 

— v x dx) . (32) 

3) From Eqs. §M) we get 

Uq _ — xxx_ _|_ / _|_ ^2 _|_ ^ ^ a ^ _ Vx( fa.j r (^ Vx Ux _|_ ^ dy) . (33) 

4) Eqs. (27$, $2E\) give 

_ — xxx_ _|_ v ^ / \ Ux _ \ 2 ^j di _ Vx dx + v x (u x — A) dy) , AgM (34) 

Uxx Vx 

Forms (1291) - (I34p define infinite-dimensional coverings of Eq. (TTU]) with the fibre 
variables Vj, j£NU {0}, and the following extended total derivatives, respectively: 



A = A + E A ((I (k uj t*) 



3 



8 
dv. 



D x = D x + J2v j+1 £-, (35) 

j=0 3 

D y = D y -J2 Di(u xVl ) » 

3=0 3 

Dt = A + E Di^K + Z)- 1 vl K+3 -u x v? +2 + (1(k + 1)uI - u y ) Vl ) £, 

3=0 ' 3 

~~ _ oo 

{ D x = D x +J2v j+1 £-, (36) 

3=0 3 

D y = A+E DI{(k + 2)- 1 v« +2 -u x v 1 )£-, 

3=0 3 



A = A-E Di{v^ + u x +{\ul + u y )v 1 ) 

3=0 3 

Dx = A + E^+i£, (37) 

3=0 3 

A = A + E A ( ln hi - v i) 

3=0 3 



A = A-E A (K + O ^i + ^vW-inhi 

•i=n V 



j=0 

_ oo 

A = A+E^+i£, (38) 

3=0 3 
oo 



A = A+E A ( 2 v^il - u x vi) £- 



3=0 

/ _ oo 



A = A-E Di(u + (ul + u y )vi) JL, 



3=0 

oo 

8 



{ D x = A+E^+i£, (39) 

3=0 3 



oo 



8 



Dy = A-E A (Wl U x + X) 9 , 
3=0 3 
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A = A - E Di({ Uy + \u x -\ 2 )vi) 

3=0 J 
~_ 00 

< A = As + E ^+1 ( 4 °) 

3=0 J 

K 3=0 

The covering (|36|) was found in the cases of k = and k = 1 in [9j and |21j . 
respectively. The covering (1401) was found in [TT]. In [36], we construct the coverings 
(I35D, ([36]) for k {-2, -|, -1}, and the covering (flTj]) by means of another technique. 
Another covering of Eq. ( flOl) in the case of k = — 1 was found in [36], too. As far as we 
know, the coverings (13T1) . (|3"8j) . and f[3"9l are new. 

5. Conclusion 

We have shown that the approach based on the contact integrable extensions allows one 
to derive coverings of pdes with three independent variables from MC forms of their 
symmetry pseudo-groups. We hope that this technique will be effective in studying a 
wide variety of PDEs with large symmetry pseudo-groups. Two important problems 
require further exploration. The first one is a connection between the restrictions like 
( [20]) for the form of a CIE and the number of the additional invariants with structure 
properties of the symmetry pseudo-groups. The second task is a refinement of the 
analysis of over-determined systems of PDEs for the coefficients of ClEs by means of 
Cartan's method. We hope to address these problems in future papers. 
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Appendix 

The structure equations of the symmetry pseudo-group of Eq. (flU!) in the case of k ^ —1 
read 

de = rii a e + e 1 a 0i + f a 9 2 + f a e 3 , 

dB x = ^ (24 m - 240 22 - 12V ^ - 12 f - (12 U - k + 4)£ 3 ) A 9 X + ? A n + f A d 12 

+ (i (2 K 2 + 15 K + 4) 2 + K 023 + (« U + 1 - | K (« - 10)) f 2 

+ ±(7 K + 4)Ve) A0o + (( K +1)0 2 + (k + 2)C 2 ) A03+C 3 A 0i3, 
d0 2 = ~ °22 - - e - (U - I k - I) £ 3 ) A 2 + e 1 A 012 + e A 22 + f A 23 , 

d9 3 = (ryi - 022 - \V - i 2 - (U - ± k) £ 3 ) A 3 + \ (k + 2) £ 2 A 2 + £ x A 13 

+ 1(^-4) (e 2 2+f + l(8U-K-4)f) A0 o + e 2 A 023 +e 3 A 0i 2 , 

dZ 1 = ~ \ (r/i- 3 22 + 3 e 2 - (3C/-|(«-4)) £ 3 ) A£\ 

df =\ (r ll +0 22 + lVt; 1 +(U+ |k+|) f) Ae 2 +(|(AC-4)0 o -0 3 ) A^-fcAf 3 , 

d( 3 = (022 + lve+f) A^ 3 ~(k + 2) (0 2 + e 2 ) A£\ 

d9 u = (2i7i - 3 022 - 3 £ 2 - (317 - § (« - 4)) £ 3 ) A 0n - ^ A 777 - £ 2 A n 5 - £ 3 A r/ 6 

- {^m-T&V (3k 2 + 11k + 4) 2 - k(?7 + 1) 3 -|k(k + 8)0i2 -1^^023 

+ i 4 {K + Q){K-4){7K + 4)Ve -l A {7K + 4)V 2 e) A9 + Vf A i2 

+ (i (5 k 2 + 31 k + 24) 2 + (4 k + 3) 23 + ((4 k + 3) U - \ k 2 + f k + 5) e 2 

+ l(15K + 16)Vf) A 0i + ( K 0i2 + i(K + 2)y^ 2 ) A 3 

+ ((2K + 3)0 2 + 2(K + 2)e 2 + |ye 3 ) A0i3, (41) 
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M12 = (vi ~ 2 822 ~ 2 e - (2 U - \ k) e 3 ) A 12 - ? A n 5 - f A m - £ 3 A 7,4 

- {023 + ((k + 1)U + % K 2 + % K + 2) f + ±(11 K + 12)V f) A 6 2 

- (l( K -4)0 O + ^3 + ^e 2 ) A 22 + ((K + 2)f + l Vf) A 23 , 

d0 13 = \ (37?! - 5022 - 5£ 2 - (5?7 - § k + \) f) A % - ? A % - f A 7,4 - £ 3 A % 

- I (« - 4) (773 - {k + 2) (u - \ k) e 2 - e z - \ v o 2 2 - 023 

- \ ((k + 2)(8U -k-4)+6V) f + ^(K + 6)(7K + 4)Vf) A O 

+ 1 (« - 4) (022 + e 2 + (^-|(^ + 4)) e 3 ) a 0i 

- ((Ik 2 + 4k + 3) 9 3 + ( K + 2)8 12 + l(K + 2)Vf) A 2 

+ ((2 « + 1) 23 + (2 (k + 1) U + I k 2 + ^ « + 3) C 2 + 35 (17 k + 20) F e 3 ) A 3 
+ (f (K + 2)£ 2 + y£ 3 ) A0 12 + |ye 2 A 023, 

^022 = % A C 1 - 5 (r?l + 22 ) A f + T}2 A f 

d8 23 = \(m ~ 3 022 " 3 e - (3 U - f K - |) ^) A 023 " A 7? 4 - e 2 A 7? 2 - e 3 A 7? 3 

- £ (« - 4K 3 A O - | ((3 k + 4)£ 2 - ((5k - 4) U + f k 2 + 12k + 10) f) A 2 

+ C 3 A 3 + I (3(K + 4)0 2 + (8[/-3 K + 4)^ 2 + 4ye 3 ) A 022, 
dm = \ (k 2 + 7k + 4) A0 2 + |(k-4)^ 3 A 022 + KC 1 A 23 + ^(7K + 4)y^ AC 3 
+ ( K U -\k 2 + \k + 4) ^ A £ 2 - |(k-4)£ 2 Af, 

dm = - I (4e 2 + (2U + \ K + 3))e -svf) A Vl -(e 2 2 + ve + H 2 

- (3C/ + 2K + l)f) A 7/2 - ^ ((32£/-7k 2 +38k + 8) £ X + 96£ 3 ) A 7/3 
+ ^(k-4)0 o A (3U + ± (7k 2 + 40k + 16) ^ -3£ 3 ) 

- 3 02 A (022 + (igg (k + 2) (8 (7k 2 + 126k + 120) C/ + 21k 3 + 198k 2 + 688k + 160) 
+ |(/e + 3)V) ^ + | (8kC/ + 3k 2 + 26k + 24) £ 3 ) - ^ 3 A ((48 ?7 + 7k 2 + 40 k 
+ 16)^ -48£ 3 ) -0i2 AC 1 + m^22 A ((7 k 2 + 38k- 8) V £ l - (16 U + 6 k + 8) £ 2 

- (64(2k + 1)£/ + 24F + 128 (k + 1))£ 3 ) - ^ 23 A ((k + 2) (64^7 + 7k 2 + 38 k 

- 8) - 16 (3 k + 4) f) + (128 (k + 2) U 2 + 24 U V + 4 (k + 2) (7 k 2 + 70 k + 40) C/ 
+ (7k 2 + 91k + 148)V + 2(k + 2)(7k 2 + 70k + 24)) ^ A £ 2 + ^ V (32(7 k 2 

+ 166 k + 152) + 2304 F - 49 k 4 - 756 k 3 - 2324 k 2 + 5152 k + 2752) ^ A f 
+ § (3y-6f/ 2 + 2(19K + 16)[/ + ^ (31k 2 + 1144k + 1200)) f A£ 3 , 
d ^ = 'IE (87/3-(K-4)0o + 8 3 + 2y^ 2 ) A7/i+((K + 2)(0 2 +e 2 )-^e 3 ) At/2 

- ^ (48 022 - 24 y A 1 + 32 £ 2 + (80 U + k (7 k + 36)) f) A 7/3 + (k + 2) 7/4 A f 1 

+ ^ (k - 4) O A (022 + (2 (k + 2) (2 U + 1) - V) ^ + ^ (48 17 + 7 k 2 + 40 k + 16)£ 3 ) 

+ |(k - 4) 0i A + ^ 2 A (V (80 (k + 2) U + 7 k 3 + 36 k 2 + 10 k - 56) ^ 

+ 4 (k 2 + 7k + 4) f - ((k + 2) (7k 2 + 126 k + 120) U + 24 (k + 3) V 

+ 1 (k + 2) (21 k 3 + 198 k 2 + 688 k + 160)) £ 3 ) - \ 3 A (0 22 + 2 ((k + 2) (2 U + 1) 

- y)e 1 + (6?7 + ^K 2 + |K+l)^ 3 ) + ((K + 2) (U + I(k + 4)) e + f)/\0i2 

- 13 Ae + <kV9 22 A (8£ 2 - (7 k 2 + 38k -8) C 3 ) — i 023 A (k (V £} — 2 ^ 2 ) 
+ |(k + 2)(64?7 + 7k 2 + 38k-8)^ 3 ) - ^ F (32 (11 k + 5) U + + 21 k 3 
+ 124 k 2 + 44 k - 208) A £ 2 - ± V 2 (160 U + 21 k 2 + 210 k + 104) f 1 A ^ 3 

- ^ (128 (k + 2) C/ 2 + 24 [/ F + 4 (k + 2) (7 k 2 + 70 k + 40) U + (7 k 2 + 105 k + 156) V 
+ 2 (k + 2) (7 k 2 + 70 k + 24)) £ 2 A £ 3 , 
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d V4 = V8 A e + (0 3 - § (k - 4) fl - | V e) A m + ^ (8 (11 « + 7) 2 + 48 23 

- (7k 2 + 18 k - 88)e 2 + 56C 3 ) Ar/3 +(??!- 30 2 2- 3C 2 - (3f/-i K + 2) £ 3 ) A 774 

+ 2k (« - 4) (4 (11 k + 20) 2 - 4 (8 £/ - 3 k + 4) 22 + 48 23 - (48 U + 7 k 2 + 8 k - 48) £ 2 

- 32 ((« + 2) (2 [7 + 1) - V) £ 3 ) A 0o + 5I2 ( 64 ( n K + 2 0) 03 + 16 F (13 k + 20) 22 

- 32 (24 (k + 2) [7 - 13 k 2 - 40 k - 16) 2 3 + 2 (8 (k + 2) (7 k 2 + 106 k + 136) [7 
+ 192 (k + 3) V + (k + 2) (21 k 3 + 138 k 2 + 304 k - 160)) £ 2 - F (16 (65 k + 172) 
+ 77k 3 + 444k 2 + 544k- 768) £ 3 ) A 2 + (([/ - |(3 k - 4)) 22 - § 23 

+ ^ (48?7 + 7k 2 + 8k-48) £ 2 + ((« + 2) (2 17 + 1) - F) £ 3 ) A 3 

+ ^ (24 (k + 4) (022 + £ 2 ) + (8 (3 k + 20) [7 + 9 k 2 + 48 re + 112) f) A 12 

+ ±V ({24U + 7k 2 + 25k-44)£ 2 -8Vf) A 22 + (4 (32 (3 k + 7) U + 12V 

+ 7k 3 + 32k 2 -4k-48K 2 -^(96[/ + 21k 2 + 154k + 8)£ 3 ) a 23 

+ 253s y (32 (7 k 2 + 236 k + 504) U + 2560 F - 49 k 4 - 84 k 3 + 1644 k 2 + 6560 k 

- 3904) £ 2 A£ 3 , 

d% = V 9 A e 1 + r/8 A f - (I (« - 4) O - 20 3 - 20 12 - § y e 2 ) A 7/3 + ((« + 3)02 

+ (« + 2) £ 2 + f F £ 3 ) A 7?4 + i (24 r/i - 56 (0 22 + £ 2 ) - (56 U - 9 k + 8) f) A r/ 5 
+ m ( K ~ 4 ) ^0 A ((8 (k + 1) U + 3 k 2 + 18 k + 16) 2 - 16 i2 + 4 F 22 + 8 (k + 2) 23 
+ 4 (2 (k + 2) (2 [7 + 1) - V) f) + i (k - 4) 6 l A (0 22 + £ 2 ) 

+ ^ 2 A (8 (8 (k + 1) [7 + 3 k 2 + 18 k - 16) 3 + 16 (8 (k + 2) - 3 k 2 - 11 k - 4) 12 

- 16^(3^ + 5) 023 + ^ (32(3k + 8)£/ + 7k 3 + 71k 2 + 126k-8) f 

+ V 2 (11 k + 12) £ 3 ) + 3 A (+2 12 - (k + 2)023 - ((« + 2) (2 C7 + 1) - F) £ 2 ) 
+ 012 A ((« - 1) 23 - ((« + 5) ?7 + i y - § k (k + 6)) £ 2 - ^ V (32 [7 + 7 k 2 + 82 k 
+ 24) e 3 ) -0i 3 A(022 +e 2 )-|^ 2 ^ 2 Ae 2 + |y023 A (2,(3^ + 8)^ + 3^^) 
+ 2S6 y2 ( 160 ^ + 21 k 2 + 210 k + 104) £ 2 A f, 
dm = Vio A ? + 7? 8 A f + 7? 9 A f + ^ 7/3 A ((k - 4) (5 V0 O + 80i) - 4O0 i3 ) 
+ 7/4 A (2k0 3 - i K (k - 4) O + V £ 2 ) - I 7/5 A ((k + 2) (40 2 + 5^ 2 ) + 3V 

- 7/ 6 A ( 2 (771 + 2 022 + 2 ^ 2 ) + (417 - § (3k - 4)) ^ 3 ) + 2M8 ( K " 4 ) #0 A (64 (k - 4) 9 1 
+ 8 (40 (k + 2) U - 19 k 2 - 72 k - 56) 2 + 128 (k + 2) 12 + 640 13 - 64 F 23 

+ 4 F (16 (7 k + 16) ?7 + 20 V + 7 k 3 + 10 k 2 - 152 k - 256) ^ 2 - V 2 (160 [7 + 35 k 2 

+ 302 k + 152) £ 3 ) + ^ 0i A (4 (256 k 3 - 3 k - 4 - 2 (k - 4) (k + 2) U) 2 

+ (k - 4) (80 3 - F 022 + 4023 + ((k + 2) (8?7 - k - 4) + ^) f + (40 [7 + 7k 2 

+ 41k + 4)£ 3 )) -0 2 A (iV (13 k 2 + 4k -8) 3 + ^ (40 (k + 2) U - 25 k 2 - 112 k 

- 64)0i 3 ) - ^03 A(((k-4)(4k[7 + 5V) + 2k(4k- 1))0 o - 4k (7k + 20) i2 
+ 8 V (4 k + 5) 23 + V (80 (k + 1) U + 7 k 3 + 12 k 2 - 56 k - 64) £ 2 ) 

+ Bl (» - 4) ^11 A (8 (022 + ^ 2 ) + (8 U - k - 4) f) + |y 0i2 A (13 (k + 2) £ 2 + 4 F ^ 3 ) 
+ 013 A (i (7k + 2) 023 + |(8 (k - 3) U - 5 V + 8 (5 k + 4)) ^ 2 + jL V (160 [7 + 35 k 2 
+ 430 k + 152) ^ 3 ) + ^ V 2 23 A £ 2 , 
dr/ 7 = 7/11 A C 1 + rjg A ^ 2 + r/io A f - K7/8 A O - 3 t? 3 A 0ii + 7/4 A (I kV o + (5 k + 3) 0i) 

+ | 7/5 A ((2 K 2 + 17 K - 4) O + 8 (K - 1) 3 - 10 V f) - 7/6 A ((3 K + 5) 2 + 3 (k + 2) f 

+ I V f)-JEV7A (40 T/i - 72 (022 + £ 2 ) - (72 U - 3 (k - 4)) £ 3 ) 
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+ 6>o A (8 (k - 4) (4(4k + 3)7-k 2 + 18k-2O)0i + AV 2 (26 k 2 + 57k + 28) 2 

- 8 V (48 « 7 + 7 k 3 + 26 k 2 - 64 k - 32) 3 - 96 (as - 4) n - 16 V (9 k 2 + 35 « + 4) 12 
+ 64 (4 « 7 + k 2 + 2 k - 8) % - (7 k + 4) (k 2 - 18 k - 64) F 2 f - 10 (7 k + 4) V 3 £ 3 ) 
+ m 01 A ( 4 ( K - x ) ( 19 ^ + 20) F 2 + 32 (2 (5 k + 3) 7 - (8 K + 5) (k - 2)) 3 

+ 16 (6 k 2 + 39 k + 24) 0i2 - 144 (k + 1)V 023 - V (96 (4 k + 3) 7 + 35 k 3 + 63 k 2 

- 302 k - 216) £ 2 + (5 k - 12) F 2 £ 3 ) + | 2 A ((24 (as + 2) U - 15 k 2 - 88 k - 56) 0n 

- 2(3/s + 7)y0i 3 ) + |0 3 A (240u - (k + 2)(4V 0i 2 + 16 0i 3 + V 2 £ 2 )) 

+ 0ii A (3(k + 2) 23 + § (24 (k - 1)7 - 6V -3k 2 + 54k + 48)£ 2 + ^ (32/7 + 7k 2 
+ 98 k + 40) £ 3 ) - 0i2 A (3 (k + 1) 0i 3 - iy 2 f) + § V 9 13 A (18 (n + 2)f + 5V £ 3 ) . 



The structure equations of the symmetry pseudo-group of Eq. (fTDl) in the case of 
k = — 1 have the form 

de = m a o + e 1 a 0i + e 2 A 2 + £ 3 A 3 , 

d0i = |??i A 0i + 2?]2 A 3 + % A O - I (12022 + 16 7^ + 12£ 2 + 7£ 3 ) A 0i + f A U 
+ e 2 A0i2 + C 3 A0i3, 

d9 2 = § (4 (771 - 022 " t 2 ) ~ 3£ 3 ) A 02 + e A 012 + e 2 A 022 + f A 23 , 

^3 = (vi- 022 -Ue -Z 2 A0 3 + %A02-|(^2+e 2 ) A0O + C 1 A013 

+ e 2 A 23 + e 3 A0i2, 

c^ 1 =i (12022 - 4t/i + 12£ 2 + 7£ 3 ) A^, 

d£ 2 = -g (5(9o + 8 3 ) A^ + l (4(r ? i+ 2 2) + 3e 3 ) A £ 2 - (r/ 2 + 2 ) A £ 3 , 

<i£ 3 = "(27/2 + 02) A^ 1 + (022 + £/£ 1 +£ 2 ) A^ 3 , 

d0n = 2 m A 0ii + r/ 2 A (i 7 O + 40 i3 ) + 6 r/ 3 A 0j + r? 4 A O + r/ 7 A f 1 + r/ 5 A £ 2 + % A £ 3 
+ | (30 0i - 24 7 2 - 11 03 ~ 14 0i2 - 24 7 23 - 22 7 £ 2 + 15 7 2 £ 3 ) A O 
+ § (10 02 + 8 023 + 7 £ 2 - 4/7 C 3 ) A 0i + (2 70 3 - 0ia) A 2 - (0i 2 + 7£ 2 ) A 3 

- (3 (0 22 + C 2 ) + le 3 ) A0n + 27e 2 A0i2 + 37e 3 A0i3, (42) 
d0i2 =1)7 0i2 + r/ 2 A (2 23 + f £ 2 ) + r/3 A (0 2 + f) + 7/4 A £ 3 + 775 A £ X - § O A (0 2 - 22 ) 

+ 3 #2 A (7£ 2 + 2 7 £ 3 ) + #3 A (022 + e) + 012 A (2 (0 22 + £ 2 ) + f £ 3 ) 
+ 023 A(2£ 2 -7£ 3 )+±7£ 2 A£ 3 , 
^13 = § r/i A 0i3 + 3r/ 2 A (^ O + i2 ) + r/ 3 A (| O + 3 3 ) + r/ 4 A f + r/ 5 A f + r/ 6 A f 1 

- A O A (17 2 + 240 3 - 8 7 022 + 8 23 - (8 7 - 14)£ 2 - 2 7 £ 3 ) + § 0i A (0 22 + £ 2 ) 
+ I 02 A (13 03 + 4 0i2 + 27 £ 2 ) - 1 3 A (16 023 + 21 £ 2 + 12 7 £ 3 ) + 2 7 £ 3 A i2 

+ ^i3A(5 (0 2 2 +^)+3C 3 )+7e 2 A 023, 
d022 = - \ m A f + I r/2 A f 1 + r/2 A f + r/ 3 A £ X + 2 A (f f 1 + £ 3 ) + 3 A f 

- I ^22 A (8£ 2 + 3e 3 ) + 2023 A e - If A (7£ 2 - Uf), 

d023 = ^ r/i A 023 + r/2 A (0 22 + f + | f) + r/ 3 A ^ 3 + r/ 4 A ^ - § O A f 

+ ^ 2 A (72 (022 + e 2 ) + 49 £ 3 ) - § 022 (4 023 + 3 £ 2 ) + | 023 A (C 2 + 2£ 3 ) + g e 2 A £ 3 , 
dr/i = - r/3 A + § ((0 O - 2 ) A f + (0 22 + f 2 ) A e 3 ) , 

dm = -|r/ 2 A(2r/i-20 2 2 -47e 1 -2e 2 -C 3 ) -%Ae 3 - i|^oA(6-2e 3 ) 

+ 02 a (7 - f e 3 ) - ^3 a e 1 + 1 ^22 a e 2 - ^23 a e 3 - ^ (8 7 e 1 - 21 C 3 ) A C 2 , 

= je r/i A (5 O + 8 7/3) - ^ r/2 A (20 22 + 8 7 £ X + 20 £ 2 + 15 ^ 3 ) - r/ 4 A f - § X A ^ 
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+ \m^{Qe 22 + %ue+^e + f) - J>#oA (^ 22 + (4[/-3)£ 1 + -e 2 A# + £ 3 J 
+ ^ 2 A (192 U e - 40 e - 85 f) + a (6 e 1 - 5 + | 12 A ^ 

+ i 022 A(f+uf)+e 23 A(3ue-u 3 )-iue^(22e + i5ue) 

+ ^(AU-7)e/\f, 

dm = 778 A + m A (+48 % - 30 O + 89 2 + 16 ?7 9 22 + 92 6 23 + 2 (8 + 39) £ 2 - 12 U f) 

- |% A (1702 + 16^23 + 9f - 8Uf) - 774 A ( m - 3022 - 3£ 2 - f £ 3 ) 

+ ^ O A (17 9 2 - 13 022 + 16 023 - 4 £ 2 - (8 U + f ) e 3 ) +^ 2 A (64 ([/ 22 + 23 ) 
+ (64^ + 91)^ + 74?7e 3 ) -^03A(26 (0 2 2 + e 2 ) + 77^ 3 ) -^0 12 A(l8 (0 22 + e 2 ) 

+ 3i£ 3 ) - \ ue 22 a e + § 023 a (£ 2 + ue) + it ^ 2 a e 3 , 

*7s = % AC 1 + % AC 3 - 1 772 A (150 O - 4^7 02 + 240 3 + 40 12 - 12 C/£ 2 ) 

- 3% A (5 00 + 803 - 8?7 02 + 160i2 -8 U f) - r? 4 A (4t7 2 + 2 2 - £ 2 + 2 C/£ 3 ) 

- 1 775 A (12 77! - 28 (0 22 + e 2 ) - 17£ 3 ) - ^ 0o A ((16 U - 41)0 2 - 16 3 - 32 12 

- 24 23 + 2 (8 U - 7)£ 2 + 4 U £ 3 ) - f X A (0 22 + £ 2 ) - | 2 A (41 3 + 46 i2 

- 16 U £ 2 - 11 U 2 e 3 ) + i 03 A (4 U 022 + 12 023 + (4 U - 7) £ 2 A 3 - 2 £/ £ 3 ) 

+ | 012 A (32 023 + 23 f - 18 U f) - 0i3 A (0 22 + f) + U 9 23 A (2 (6 2 + f) + U f) 
+ fU 2 f Af, 

dm =77 1 oA^ 1 + 77 8 A^ + 7? 9 A^ 3 -l 772 A (150! -12^7 03 + 8C/ 0i2 -60i 3 ) 
+ |% A (5C/0o - 1001 + 72C/03 - 56 0i 3 ) - g % A (50 o + 160 3 + SUf) 

- % A (+5772 + 20 2 + 3U f) - m A (2 m - 40 22 - 4£ 2 - f f) 

+ ^0 O A (+1001 - 12?7 2 - (7217 - 11)0 3 - 40 i2 + 56 0i 3 - 16U 6 23 - 14C/£ 2 

+ llU 2 f) + ^0i A (l90 2 + 4f/022 + 12 023 + 2 (4?7 + 7)^ 2 -2Uf) 

+ ±0 2 A (53 U 3 + 4?7 0i2 -37, i3 ) - \ 3 A (13 6 l2 + 96 ?7 23 + 87 U £ 2 + 45 U 2 f) 

" | 011 A (022 + ^) " 2 U 012 A (C 2 " U^ 3 ) + 013 A (7 023 - f U^ 3 ) , 
dm = 77s A O + 7711 A e 1 + % A S 2 + 7710 A ^ 3 + 773 A (24 £7 0i - 11 n ) - m A (3<7 o + 20 x ) 

- ±772 A (13 U 2 O - 6 U 0i + 40ii+8£/0i 3 ) — § % A (19 0o + 16 (03 + U £ 2 )) 

- 2 776 A (3 7? 2 + 2 2 + 4 [/ e 3 ) - I 777 A (20 771 - 36 (0 22 +^ 2 ) - 21 £ 3 ) 

- M A (5 (192 U - 1) 0i - 88 *7 2 2 - 32 U 3 - 440 n - 272 [/ i2 - 168 9 13 

+ l6U 2 e - l20U 3 e) — | 0i A (120 3 + 18 012 + 248*7 023 + 224 ?7^ 2 - 125 C/ 2 £ 3 ) 
+ 2 A (36 U 0i - 2 [7 2 3 - 129 &u + 3 u ^ _ # 3 a (3 J7 0i 2 + 2 13 - *7 2 £ 2 ) 
+ 0ii A (11 023 + f e 2 - 5t7^ 3 ) -3t/0i 3 A(e 2 - £/£ 3 ) 



